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Abstract. We classify complex structures on 6-dimensional nilpotent Lie al- 
gebras up to equivalence. As an application, the behaviour of the associated 
Frolichcr sequence is studied as well as its relation to the existence of strongly 
Gauduchon metrics. We also show that the strongly Gauduchon property and 
the balanced property are not closed under holomorphic deformation. 

1. Introduction 

Let q be a Lie algebra endowed with an endomorphism J: g — > g such that 
J 2 = —Id. The endomorphism J is a complex structure if the integrability condition 

[JX, JY] = J[JX, Y] + J[X, JY] + [X, Y] 

is satisfied for any X, Y £ g; equivalently, the «-eigenspace 01,0 of J in 0c = ®R C 
is a complex subalgebra of 0c- Nilpotent Lie algebras g admitting a complex struc- 
ture were classified by Salamon [27] up to dimension 6. More recently, Andrada, 
Barberis and Dotti classified in [2] the 6-dimensional Lie algebras g having a com- 
plex structure J of abelian type, that is, the complex subalgebra 0i ;U is abelian, or 
equivalently [JX, JY] = [X, Y] for any X, Y e 0. 

A related question is to determine the complex structures on a given Lie algebra 
up to isomorphism in the following sense. Two complex structures J and J' on g 
are equivalent if there exists an automorphism F : g — > g of the Lie algebra such 
that J = F" 1 o J' o F. The latter condition is equivalent to say that F, extended 
to 0c, satisfies F(g{ ) C g{ . If C(g) denotes the space of complex structures on g 
then C(0)/Aut(0) parametrizes the equivalence classes of complex structures on g. 

A classification of abelian complex structures in dimension 6 is given in [2] . Some 
partial results on nilpotent Lie algebras can be found in several papers [6| fT9 | f29 | [30] . 
although to our knowledge there is no complete classification of complex structures 
on 6-dimensional nilpotent Lie algebras. This is our main goal here. 

The classification of complex structures on nilpotent Lie algebras provides a 
classification of invariant complex structures on nilmanifolds. Let M be a nilman- 
ifold of even dimension, i.e. a compact quotient of a simply-connected nilpotent 
Lie group G by a lattice T of maximal rank. Any complex structure J on the Lie 
algebra of G gives rise to a left-invariant complex structure on G which descends 
to a complex structure on the quotient M in a natural way. Several aspects of 
this complex geometry have been investigated, as for instance the Dolbeault coho- 
mology [13l [25] , complex deformations [6] [20] [26] or the existence of special 
Hermitian metrics [HI [29] . Recently, it is proved in [4] that the canonical bun- 
dle of any complex nilmanifold is holomorphically trivial and some applications to 
hypcrcomplex geometry are given. 

i 



2 



As a first application of the classification of complex structures on 6-dimensional 
nilpotent Lie algebras we study the behaviour of the Frolicher sequence [17] . Recall 
that the Frolicher sequence E r (M, J) of a complex manifold (M, J) is the spectral 
sequence associated to the double complex (Q p ' q (M, J), d, 8), where d + 8 = d is 
the decomposition, with respect to J, of the exterior differential d. The first term 
Ei(M, J) is precisely the Dolbcault cohomology of (M, J) and after a finite num- 
ber of steps the sequence converges to the de Rham cohomology of M. The first 
examples of compact complex manifolds for which E 2 ^ E^ were independently 
found in [5] and |21j . The examples in [3] are complex nilmanifolds of complex 
dimension 3, which is the lowest possible dimension for which the Frolicher se- 
quence can be nondegenerate at E 2 . More recently, Rollenske constructs in [24] 
complex nilmanifolds for which the Frolicher spectral sequence can be arbitrarily 
non-degenerate. The behaviour of the Frolicher sequence has been studied for some 
other complex manifolds [T3J [25] , but as far as we know the general behaviour of 
the sequence for complex nilmanifolds has not been studied, although some partial 
results can be found in [101 HU Q2] ■ Here we study the Frolicher sequence for any 
complex structure on a 6-dimensional nilpotent Lie algebra. 

As a second application of the classification of complex structures we consider 
strongly Gauduchon (sG) metrics in the sense of Popovici [22]. Any balanced 
Hermitian metric is sG and any sG metric is a Gauduchon metric [TS]. In [23] the 
relation between the degeneration of the Frolicher sequence at E\ and the existence 
of sG metrics is studied, showing that these two notions are unrelated. We study 
the general behaviour of the Frolicher sequence on 6-nilmanifolds in relation to the 
existence of sG or balanced metrics. Moreover, Popovici has proved in [22] that the 
sG property of compact complex manifolds is open under holomorphic deformations, 
and conjectured in |23j that the sG property and the balanced property of compact 
complex manifolds are closed under holomorphic deformation. We construct a 
counterexample to both closedness conjectures. 

The paper is structured as follows. In Section [2] we review some general facts 
about complex structures on a 6-dimensional nilpotent Lie algebra 0. By |27j such 
must be isomorphic to rji, . . . , f)i6, or fjgg (see Theorem 12. II for a description 
of the Lie algebras). Of special interest is t)$ because it corresponds to the real 
Lie algebra underlying the Iwasawa manifold, whose complex geometry is studied 
in |19j . On the first sixteen classes the complex structure is necessarily of nilpotent 
type in the sense of [13] (see ([!]) for details). 

We classify the non-abelian nilpotent complex structures on 2-step and 3-step 
nilpotent Lie algebras in Sections [3j and S] respectively. From the results in these 
sections and using the classification of non-nilpotent complex structures obtained 
in [30] as well as the classification of abelian complex structures given in [2J, we 
present in Tables 1 and 2 of Section [5] the complete classification of complex struc- 
tures up to equivalence. 

Since J equivalent to J' implies that the terms in the associated Frolicher se- 
quences are isomorphic, as an application we study the general behaviour of the 
Frolicher sequence E r (g, J) in Section [6] (see Theorems 16.41 and 16.51 for details). We 
find that E 2 ^ -E00 if and only if = f}i 3 , t)u or fj 15 . Moreover, E± = E 2 j£ E 3 = E^ 
for any J on f)i3 or f)i4. In contrast, f)i5 has a rich complex geometry with respect to 
Frolicher sequence because it admits complex structures for which E\ p= E 2 = i?oo , 
Ei = E 2 ^ E 3 = or even E x p E 2 p E 3 = E^. In Example O we give a 
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continuous curve Jt of non-equivalent complex structures on fj 15 along which the 
Frolicher sequence has these three behaviours. We also show that a nilmanifold 
with underlying Lie algebra (ig has a complex structure with degenerate Frolicher 
sequence and satisfying = hg for every p, q G N, which provides an answer to 
a question recently posed in [3]. 

In section [7] we study the existence of sG metrics on 6-dimensional nilmanifolds 
endowed with an invariant complex structure and show that the underlying Lie 
algebra must be isomorphic to f)i, . . . , t)$ or f)^ g . It is also proved that the existence 
of sG metric implies the degeneration of the Frolicher sequence at E^. Using [3Tj 
we give in Proposition 17.71 a classification of complex structures having sG metrics 
but not admitting any balanced metric. Finally, based on the complex geometry 
of the Lie algebra 1)4, in Theorem 17.91 we show that neither the sG property nor 
the balanced property of compact complex manifolds are closed under holomorphic 
deformation. 

2. Complex structures on NLAs 

Let g be a Lie algebra of even dimension. An endomorphism J: g — > g such 
that J 2 = —Id is said to be integrable if it satisfies the "Nijenhuis condition" 

[JX, JY] = J[JX, Y] + J[X, JY] + [X, Y], 

for any X 7 Y € g. In this case we shall say that J is a complex structure on g. 

Let us denote by gc the complexification of g and by g c its dual, which is 
canonically identified to (g*)c- Given an endomorphism J: g — > g such that 
J 2 = —Id, there is a natural bigraduation induced on the complexified exterior 
algebra f\* g^ = ® Pi9 A P ' 9 (fl*); where the spaces A 1,0 (fl*) an d A ' 1 ^*); which we 
shall also denote by g 1 ' and g 0,1 , are the eigenspaces of the eigenvalues ±z of J as 
an endomorphism of gj, respectively. 

Let d: A* 9c — ^ A* +1 9c ^ e ^ ne extension to the complexified exterior algebra 
of the usual Chevallcy-Eilcnberg differential. It is well-known that J is integrable if 
and only if ^0,20^^1,0 = 0, where 7r P:9 : A P+9 flc — ^ A P ' 9 (fl*) denotes the canonical 
projection onto the subspace of forms of type (p, q). 

Wc shall focus on nilpotent Lie algebras (NLA for short), that is, the descending 
central series {Q k }k>o of g, which is defined inductively by 

satisfies that g k = for some k. If s is the first positive integer with this property, 
then the NLA g is said to be s-step nilpotent. 

Salamon proves in [271 the following equivalent condition for the integrability of 
J on a 2n-dimensional NLA: J is a complex structure on g if and only if g 1,0 has a 
basis {w J }™ =1 such that dui 1 = and 

duj j e 2r(cj\ . . . ,u) j ~ 1 ), for j = 2,...,n, 

where ^(u; 1 , . . . ,<j- 7-1 ) is the ideal in A* 0c generated by {w 1 , . . . ,tj' 7_1 }. 

A complex structure J on a 2n-dimensional NLA g is called nilpotent if there is 
a basis {uj-'} 1 j =1 for g}>° satisfying duj 1 = and 

(1) e^e/\ 2 <cjV..,^-VV--,^>, forj =2,...,n. 
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Equivalently [13], the ascending series {gf}z>o for g adapted to J, which is defined 
inductively by Qq = and 

gf = {X G g : [J fc (X), g] C gf^ , fc = 1, 2} , for / > 1, 

satisfies that gj 7 = g for some positive integer I. 

There are two well-known special classes of nilpotent complex structures. On 
one hand, the abelian class consisting of those complex structures J satisfying 
[JX,JY] = [X,Y], for all X,Y e g, or equivalently c^g 1 ' ) C A M (g*); they are 
also characterized by the fact that the subalgebra g '° is abelian. On the other 
hand, the class of complex-parallelizable structures for which [ JX, Y] = J[X,Y], 
for all X 7 Y £ g, or equivalently d(g 1,0 ) C /\ ' (g*); these structures are the natural 
complex structures of the complex Lie algebras. 

In six dimensions, the classification of NLAs in terms of the different types of 
complex structures that they admit is as follows. 

Theorem 2.1. [27, 29 Let g be an NLA of dimension 6. Then, g has a complex 
structure if and only if it is isomorphic to one of the following Lie algebras^ 

= (0,0,0,12,13,14), 

= (0,0,0,12,13,14+23), 

= 0,0,0,12,13,24), 

= (0,0,0,12,13+14,24), 

= 0,0,0,12,14,13 + 42), 

= (0,0,0,12,13 + 42,14 + 23), 

= (0,0,0,12,14,24), 

= (0,0,0,12,23,14-35), 

= (0,0,12,13,23,14+ 25). 

Moreover: 

(a) Any complex structure on f)7/ g and f)J 6 is non-nilpotent. 

(b) For 1 < k < 16, any complex structure on ()& is nilpotent. 

(c) Any complex structure on f) 1; f) 3 , f) 8 and [)g is abelian. 

(d) There exist both abelian and non- abelian nilpotent complex structures on 
f)2, f)4, f)5 and f)i 5 . 

(e) Any complex structure on f)6, f)7, f)io> fyn, §12, f)i3, f)i4 and f)i6 is not 
abelian. 



f)l = 1 


0,0,0,0,0,0), 


(lio 


(12 = 1 


0,0,0,0,12,34), 


fin 


(13 = 1 


0,0,0,0,0,12 + 34), 


()12 


f)4 = 1 


^0, 0,0, 0,12,14 + 23), 


f)l3 


f)5 = 1 


'0,0,0,0,13 + 42,14+23), 


f)l4 


(16 = 1 


'0,0,0,0,12,13), 


fjl5 


(17 = 1 


'0,0,0,12,13,23), 


1)16 


(18 = I 


|0, 0,0, 0,0, 12), 


f)l_9 
f)J 6 


(19 = 1 


0,0,0,0,12,14 + 25), 



Let g be a Lie algebra endowed with two complex structures J and J'. We recall 
that J and J' are said to be equivalent if there is an automorphism F : g — > g of 
the Lie algebra such that J' = F~ x o J o F, that is, F is a linear automorphism 
such that F* : g* — !► g* commutes with the Chevalley-Eilenberg differential d 
and F commutes with the complex structures J and J'. The latter condition is 
equivalent to say that F* , extended to the complexified exterior algebra, preserves 
the bigraduations induced by J and J'. 

Notice that if 2j'° and gj,° denote the (1, 0)-subspaces of g£. associated to J and 
J', then the complex structures J and J' are equivalent if and only if there is a 
C-linear isomorphism F* : g j — !► gj,° such that do F* = F* o d. 



Here we use the usual notation, i.e. for instance ()2 = (0, 0, 0, 0, 12, 34) means that there is a 
basis {e J }^ =1 satisfying de 1 = de 2 = de 3 = de 4 = 0, de 5 = e 1 A e 2 , de 6 = e 3 A e 4 ; equivalently, 
the Lie bracket is given in terms of its dual basis {ej}® =1 by [ei, e?\ = —e^, [e-j, e^] = —eg. 
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It is clear that the nilpotency condition for a complex structure is invariant under 
equivalence, that is, if J' is equivalent to J then J is nilpotent if and only if J' is. 

In six dimensions, from Theorem l2.1l it follows that if g admits complex structures 
then all of them are either nilpotent or non- nilpotent. The classification of abelian 
complex structures is obtained in [2] , whereas the non-nilpotent complex structures 
are classified in [30] (see Section [5] for details). Therefore, it remains to study 
the class of non-abelian nilpotent complex structures. In order to provide such 
classification, our starting point is the following result: 

Proposition 2.2. 25] Let J be a nilpotent complex structure on an NLA g of 
dimension 6. There is a basis {w J '}| =1 for g 1,0 satisfying 

( duj 1 = 0, 

(2) i duj 2 = euj 11 , 

[ du 3 = pu 12 + {l-e)Auo 11 + Blo 12 + Cu 21 + {l-e)Dui 22 , 

where A, B,C,D G C, and e, p £ {0, 1}. 

Here ui^ k (resp. u)i ) means the wedge product to 3 A ui k (resp. uj 3 Aw), where 
uj k indicates the complex conjugation of ui k . From now on, we shall use a similar 
abbreviated notation for "basic" forms of arbitrary bidegree. 

Notice that the equations © above include the abelian complex structures as 
those for which p = 0. On the other hand, the complex parallelizable structures 
correspond to e = and A = B = C = D = 0, and the possible Lie algebras are f)i 
(for p = 0) and f)s (for p = 1). 

3. Non-abelian nilpotent complex structures on 6-dimensional 2-step 

nilpotent Lie algebras 

In this section we classify, up to equivalence, non-abelian nilpotent complex 
structures on 2-step NLAs g of dimension 6. Such a Lie algebra has first Betti 
number at least 3, and if it is equal to 3 then necessarily the coefficient e in ([2]) 
is non-zero. We consider firstly the case e = 0, i.e., the Lie algebra has first Betti 
number > 4. We will finish the section considering e = 1. 

The following proposition provides a further reduction of the equations (|2|) when 
e = 0. 

Proposition 3.1. Let J be a complex structure on a 2-step NLA g of dimension 6 
with first Betti number > 4. If J is not complex-par allelizable, then there is a basis 
{u j }j =1 of g 1 ' such that 

(3) dw 1 =du> 2 = 0, du 3 = pu 12 + uj 11 + Xuj 12 + Duj 22 , 

where D £ C with 3m D > and A € R such that A > 0. Moreover, if we denote 
x = 9\c D and y = 3m D, then: 

(i) If A = p, then the Lie algebra g is isomorphic to 

(1.1) f> 2 , for y ± 0; 

(1.2) f) 3 , for p = y = and x ^ 0; 

(1.3) f)4, for p = 1, y = and x ^ 0; 

(1.4) f)6, for p — 1 and x = y = 0; 

(1.5) f) 8 , for p = x = y = 0. 

(ii) If X ^ p, then the Lie algebra g is isomorphic to 
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(11.1) f) 2 , for Ay 2 >{p- X 2 ){Ax + p- A 2 ); 

(11.2) f) 4 , for V = (p - A 2 )(4x + p- A 2 ); 

(11.3) f) 5 , /or Ay 2 < (p - X 2 )(Ax + p - A 2 ). 

Proof. In [291 Lemma 11] it is proved that if J is a (non complex-parallelizable) 
complex structure on a 2-step NLA of dimension 6 with first Betti number > 4, 
then there is a basis {<t- 7 '}|_ 1 of g 1 ' such that 

(4) da 1 = da 2 = 0, da 3 = pa 12 + a 11 + B a 12 + Da 22 , 

where B, D £ C and p = 0, 1. 

If B ^ then we can take any non-zero solution z of z-p|y = z, and the equa- 
tions ((3]) reduce to ^ with A = \B\ with respect to the new basis {w 1 = z a 1 , u; 2 = 

ZO- 2 , W 3 = M 2 (7 3 }. 

Consider now B = X with A £ R-° in (gj). If D ^ 0, then with respect to the 
new basis {w 1 = —Da 2 ,uj 2 = a 1 + Act 2 ,cj 3 = l)cr 3 } we get ([3]) with D instead 
of D. 

Finally, the second part of the proposition follows directly from [29l Proposi- 
tion 131. □ 



From Proposition l3 . 1 1 we have that on the Lie algebras f)6 or t)s any two complex 
structures are equivalent. On the other hand, the complex equations 

duo 1 = duo 2 = 0, duj 3 = cj 11 ± ij? 2 

define two non-equivalent complex structures on f)3, and any complex structure on 
f)3 is equivalent to one of them [55]. More generally, for p = the complex structure 
is abelian and the classification problem has been solved recently in [2|- 

So, in the 2-step case, it remains to classify up to equivalence the non-abelian 
complex structures on the Lie algebras t) 2 , f)4 and f)5. We will consider from now 
on in this section that p = 1 and use the following: 

Notation 3.2. Given any non-abelian complex structure J on the Lie algebras f)2, 
f)4 or f)5, we consider a basis {oj 1 , u 2 , uj 3 } satisfying j3]) with p = 1, and we will 
represent the complex structure J simply by the triple (1,X,D). 

Lemma 3.3. Let us consider the complex structure given by (l,X,D). Then: 

(i) If D = then, a complex structure (l,t,E) is equivalent to (1,A, 0) if and 
only if t = X and E = 0. 

(ii) If D then, a complex structure (l,t,E) is equivalent to (l,X,D) if and 
only if there exist non-zero complex numbers e, / such that E = -j^p- and 

(5) - (De-De) 2 (l - l -^pj = (Xf-tf)(XDef - tDef). 

Proof. Let us consider the structure equations for (1, A, D) and (1, t, E), that is, 
duo 1 = duo 2 = 0, duj 3 = u} 12 + lj 11 + Xuj 12 + Duj 22 , 

da 1 =da 2 = 0, da 3 = o- 12 + a ll +ta 12 + En 22 , 
where X.t > and 3mD,3mE > by Proposition 13. II 
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If (1, A, D) and (l,t,E) are equivalent then there is M = (rriij) <E GL(3,C) such 
that <j % = ma w 1 + w 2 + a; 3 , for £ = 1,2, 3, and applying d to both sides we 
get that M is of the form 

a 1 = a oj 1 + buj 2 , a 2 = cur + / oj 2 , <7 3 = 777.31 u) 1 + 77132 u) 2 + ew 3 , 

where e 7^ 0, a/ — 6c 7^ 0, and satisfies the following system: 

(I) e = af - be, 

(II) e=\a\ 2 + tac + E\c\ 2 , 
(6) { (III) Xe = ab + taf + Ecf, 

(IV) = a& + * be + Ecf, 
t (V) De= H 2 +i6/ + £|/| 2 . 

Notice that the coefficients 77i 31 and 77732 are not relevant in order to obtain equiv- 
alences between complex structures. It is straight forward to see that coefficient / 
must be non-zero (otherwise X — t and D = E) and so we can express a as 

e + be 

First of all, let us suppose that D = 0. Replacing a in (IV) and using (V) we 
obtain that 6 = and therefore E = by equation (V). Combining (I) and (III) 
we get that A/ = tf. Since A and t are real positive numbers, we conclude that 
A = t, i.e. (1, A, 0) defines an equivalence class for every A > 0. This completes the 
proof of (i). 

We suppose next that D 7^ 0. In order to solve ([6]) we transform it into an 
equivalent system by doing several substitutions. Replacing a in equation (IV) and 
using (V) we can express 

-be 

Next, in (II) we can substitute a and c and use again (V) to obtain that 

Be = Ee, 

which implies in particular that \D\ = \E\. Notice that since D/0we can assume 
that E ^ D by Proposition 13.11 Now, c = —b/E. Proceeding in a similar way in 
equation (III) we get that 

1 - D/E 

Finally, using the expressions of a, b and c, equation (V) is equivalent to 

-(75e-.De) 2 - ^ = (A/ - tf)(XDef - Wef). 

To summarize, system © is equivalent to 

e + bc , (Xf-tf)De (Xf-tf)e 



b = = , c = = — , De = Ee, 



/ ' De - De ' De- De ' 

-(De-De) 2 (l - ^ ) = (Xf-tf)(XDef - Wef), 

where e, / € C — {0}, which completes the proof of (ii). □ 
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Remark 3.4. As a consequence of (O, a necessary condition for the complex 
structures (1,X,D) and (l,t,E) to be equivalent is that \D\ = \E\. Given (1,X,D) 
with D 0, to find an equivalent complex structure (l,t, E) it suffices to find t > 
and e, / € C — {0} satisfying ([5]), in which case E is necessarily given by E = De/e. 

Corollary 3.5. If the structures (1, A,-D) and (l,f, .E 1 ) (where E ^ I)j are equiva- 
lent, then X = t D = E . 

Proof. Let us consider A = t in (JSJ) : 

-ODe - De) 2 (l-Hl)= X 2 (f - f)(Def - Def). 



The right side of the previous equality is a real number. If it is zero, then or 

De = De (which implies that E = D), or e = |/| 2 , that is, e is a real number and 
n 2 

since E = 4tt we conclude that D = E. On the other hand, if it is a non-zero real 



I f I 

number, then 1 — ^4!- must also be a real number and then e£R and D = E. 

e 

Case D = E = is studied in the proof of Lemma 13.31 We can suppose then 
that D = E 7^ 0. In this case e € K and we can express it as 

a _ (Xf-tf)jXDf-tDf) 
6 1/1 (D-D) 2 

using Notice that by hypothesis D ^ E = D. To ensure that e 6 R it must 
happen that (Xf — tf)(XDf — tDf) € M. or equivalcntly, 

\f\ 2 (X 2 -t 2 )(D-D) = 0. 

As /(l) — D) the only possibility to solve the previous equation is A = t. □ 

From now on we will consider D ^ and t =/= X. Our next step is to obtain an 
equivalent condition to equation (|5|): 

Lemma 3.6. The necessary and sufficient condition to have an equivalence between 

D 2 

the complex structures (1, A,D) and (l,t, T^p - ) *s following: 

(7) V-(t 2 -A 2 )(4a; + t 2 -A 2 )>0, 
where x = d\t D and y = 3m D. 

Proof. Let us denote A = De. With respect to this new variable, condition §5§ 
reads as: 

-(A - A) 2 (A ~ D\f\ 2 ) = A(Xf-tf)(XfA - tfA). 
Taking real and imaginary parts in the expression above we obtain 
UA 2 {Ai - *l/| 2 ) = |/| 2 (t 2 - X 2 )A 2 + |/| 2 (t 2 + X 2 )A 2 

(8) | -2Xt(f 2 - f 2 )A\ - 4XtA 1 A 2 f 1 f 2 , 
UA 2 (y\f\ 2 - A 2 ) = 2XA 2 [tA^f 2 - f 2 ) + 2tA 2 frf 2 - Al/I 2 ^] , 

where A = A\ + iA 2 and f = fi + if 2- We observe that A 2 ^ (otherwise, we get 
a contradition using the first equation in ©). 
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Substituting the second equation in ([8]) in the first one and replacing A by De, 
it is possible to express system ([8|) as: 



(9) 



e 2 {t 2 - A 2 ) + (4y) ei e 2 + e 2 (£ 2 - A 2 + Ax) = 0, 
2A 2 (y\f\ 2 — A 2 ) = A [Mi (A 2 - /|) + 2a 2 /x/ 2 - A|/| 2 ^i] , 

where again e = e\ + ie 2 . 

To solve the first equation in (|9|) as a second degree equation in e\ we need the 
discriminant to be greater than or equal to 0, i.e., 

Ay 2 - (t 2 - X 2 )(Ax + t 2 - A 2 ) > 0. 

In this case, we obtain that 

e 2 /3 
61 A 2 - t 2 ' 

and so 

P 

e = e 2 



A 2 - 1 2 



where 



p = 2y + W - (t 2 - X 2 )(4x + t 2 - A 2 ). 
Finally, to determine e 2 we use the second equation in (|9]). □ 

Proposition 3.7. // ([7]) holds, then there exists an equivalence between the complex 
structures: 

1 ' ' J V V/3 2 + (A 2 - t 2 ) 2 /? 2 + (A 2 - i 2 ) 2 

w/iere 



/? = 2y + yjAy 2 - {t 2 - \ 2 ){Ax + t 2 - X 2 ). 

Comparing expressions (ii.l), (ii.2) and (ii.3) in Proposition 13.11 with condi- 
tion j7J), we observe that for b 2 and f)4 it is possible to take t — 1 in order to 
get equivalences of complex structures. 

Theorem 3.8. Any non-abelian complex structure on f) 2 is equivalent to one and 
only one structure in the following family: 

du 1 = du 2 = 0, duj 3 = uj 12 + uj 11 + uj 12 + (x + iy) uj 22 , 

where y > 0. 

Proof. The result follows directly from Proposition 13. 11 Proposition 13. 71 and Corol- 
lary [33] □ 



Theorem 3.9. Any non-abelian complex structure on f)4 is equivalent to one and 
only one structure in the following family: 

duj 1 =duj 2 = 7 du; 3 = uj 12 + +uj 12 + xuj 22 , 

where 16M- {0}. 

Proof. The result follows directly from Proposition 13. 11 Proposition 13. 71 and Corol- 
lary [33J □ 
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Proposition 3.10. Any non-abelian complex structure on f)s belongs to one of the 
following families: 

(I) dio 1 = dio 2 = duj 3 = Lu 12 +uj ll +Xuj 12 +iyuj 22 , where < 2y < |1-A 2 |; 
(II) doj 1 = du 2 = doj 3 = ijj 12 + oj 11 + (x + iy) u 22 , where Ay 2 < 1 + Ax. 
Moreover, 

(i) The structures in family (I) are non- equivalent; 

(ii) The structures in family (II) are non- equivalent; 

(iii) There exist equivalences between (I) and (II) if and only if 

2A 2 e[0,l), 2y e [A 2 , 1 - A 2 ). 
Proof. Let us consider a complex structure given by (1, A, D) on f)5, i.e., satisfying 

(10) Ay 2 < (1- X 2 )(Ax + l- X 2 ). 

If A 2 > 2x, there exists an equivalence between (1,A, D) and (1,a/A 2 — 2x,i\D\) 
(observe that ([7]) expresses simply as A\D\ 2 > and holds trivially). On the other 
hand, if A 2 < 2x, there exists an equivalence between (1, A, D) and (1, 0, E), where 
E is given in Proposition 13. 71 if and only if Ay 2 + A 2 (4x — A 2 ) > 0. This inequality 
holds due to (fT0|) . 

To study further equivalences, it is clear that structures in family (I) are non- 
equivalent and the same for structures in family (II). Now let us consider two 
complex structures given by (1, X,iy) and (1,0, E). Then, ([7]) expresses simply as 

(11) Ay 2 > A 4 . 

Condition for family (I) implies that Ay 2 < (1 — A 2 ) 2 , which is equivalent to Ay 2 — 
A 2 < 1 — 2A 2 , so if 2 A 2 > 1, then $TB) does not hold. Now, if < A 2 < \, condition 
for family (I) is equivalent to y < \ — \ and therefore, if 2y g [A 2 , 1 — A 2 ) it 
is possible to find an equivalence between families (I) and (II) and the explicit 

expression for E is E = + v i. □ 

Theorem 3.11. Any non-abelian complex structure on f)s is equivalent to one and 
only one structure in the following families: 

(I) dui 1 = du 2 = duj 3 = oj 12 +0J 11 + Xlj 12 +iyu 22 , where 

< 2y < A 2 , < A 2 < i, 

0<2y< |1-A 2 |, i<A 2 . 

(II) doj 1 = dui 2 = du 3 = U! 12 + oj 11 + Doj 22 , where Ay 2 < 1 + Ax. 

It remains to study the case of 2-step NLAs g of dimension 6 with first Betti 
number equal to 3, i.e., e = 1 in ([2]). 

Proposition 3.12. Let J be a nilpotent complex structure on an NLA q given by 
© with e = 1, i.e. 

du) 1 =0, dui 2 =uj 11 , duj 3 = poo 12 + Buj 12 +Coj 21 , 

with p = 0, 1 and B,CeC such that (p, B, C) ^ (0, 0, 0). Then q is 2-step nilpotent 
if and only if B = p = 1 and C = 0. In such case q is isomorphic to t)j and all the 
complex structures are equivalent. 
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Proof. Let Zi, Z2, Zz be the dual basis of uj 1 , ui 2 , ui 3 . It is clear that [g, q] has dimen- 
sion at least 2 and is contained in (i(Z2 — Z2), 9ie Z3, 3m Z3). Since D\c Zs,3m Z3 
are central elements and 

[i(Z 2 - Ja), Zi\ = {p- B)i Z 3 + Ci Z 3 , 

we conclude that g is 2-step nilpotent if and only if B = p and C vanishes. 

Let (p,B,C) = (1,1,0) and let us consider a basis {e 1 , . . . , e 6 } for g* given by 
uj 1 = "^(e 2 + (J 2 = -^e 3 + ie A and u> 3 = e 6 + ie 5 . Now, the Lie algebra g is 
isomorphic to f)7. □ 

4. Non-abelian nilpotent complex structures on 6-dimensional 3-step 

nilpotent Lie algebras 

In this section we classify, up to equivalence, nilpotent complex structures on 
3-step NLAs g of dimension 6. In this case the coefficient e = 1 in the equations @ 
given in Proposition 12.21 The equivalence of complex structures in terms of the 
triple (p, B, C) is given in the following lemma. 

Lemma 4.1. Let g be a NLA endowed with a nilpotent complex structure with 
e=l and (p, B, C) ^ (0, 0, 0) . Then: 

(a) // the complex structure is abelian, then there is a basis {^} 3 = i satisfying 
either 

(12) du 1 = 0, duj 2 =u 11 , duj 3 = u} 21 , 
or 

(13) dw 1 =0 J du 2 = w 11 , du 3 = uj 12 + cuj 21 , 

where c € R, c > 0. The complex structures J and J' corresponding to c 
and c' are not equivalent when c^c'. Moreover, the complex structure (|12[) 
is not equivalent to any of the structures given in Q13p . 
(6) In the non-abelian case there is a basis {w J } 3 =1 satisfying 

(14) dLJ 1 =0, du 2 ^^ 11 , duj 3 = u} 12 + Buj 12 + clj 21 , 

where B £ C and c £ R such that c > 0. Moreover, the complex structures 
J and J' corresponding to (l,B,c) and (1, B' , d) are equivalent if and only 
if B = B' and c = c' . 

Proof. If the complex structure is abelian then the pair (B, C) 7^ (0, 0) since p = 0. 

If B = then it is clear that one arrives to equation (fT2")l . Now, let us suppose that 

1 1 2 

B 7^ 0. With respect to the basis {zw 1 , \z\ 2 uj 2 , to 3 }, where z is any non-zero 
solution of |g| z = z, the equations @ reduce to the form (|13[) . 

Next we show that the complex structures J and J' corresponding to c and c' 
arc not equivalent if c 7^ d . Let {u>' : '} 3 =1 be a (l,0)-basis for J' satisfying (fT3|) 
for c'. If J and J' are equivalent then there is M = (my) € GL(3, C) such that 
u)' % = ran + m,i2 lu 2 + w 3 , for a = 1,2, 3. It is easy to see that the conditions 
duj n = run duj 1 + m.i2 du> 2 + mis duj 3 are equivalent to 

mi2 = mi 3 = m 2 3 = 0, m 2 2 = \mu\ 2 > 0, m 33 = mu\mn\ 2 , 

and 

mn c = fhu c', m.32 = 'Tin ?7i2i + fan m 2 i c' . 
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Therefore, the complex structures are equivalent if and only if there is a non-zero 
solution mn of the equation mn c = mn c', which is equivalent to c = d . 

For the proof of (b), we first observe that with respect to the basis 
{zlu 1 , \z\ 2 lu 2 , z\z\ 2 uj 3 }, where z^O satisfies z\C\ = zC, the equations (|2j reduce 
to the form (|14[) . Next we show that the complex structures J and J' correspond- 
ing to (1,-B, c) and (1,-B',c') are equivalent if and only \i B ~ B' and c = c'. Let 
{ w '"'}j=i be a (l,0)-basis for J' satisfying 

(15) dw /x =0, du/ 2 = <A du' 3 = J 12 + B' J 12 + c 1 J 21 . 

As above, if J and J' are equivalent then there is A = (m^) £ GL(3, C) such that 
u/ J = mji + m i2 ui 2 + m i3 uj 3 , for i = 1,2,3. Applying d to both sides we get 

mi2 = mi3 = m 2 3 = 0, ?7i22 = |7nn| 2 > 0, "733 = mn|mu| 2 

and 

m 33 i? = 77711 |mil| 2 B', 77733C = 77711 |777ll| 2 c', 777 3 2 = 777ll777 2 lB' + 777ll777 2 ic'. 

Therefore, the complex structures are equivalent if and only if B = B' and there is 
a non-zero solution m\\ of the equation m,\\c = fhnc' , that is, c = d . □ 

The following result provides a classification of abelian complex structures in the 
3-step nilpotent case in a slightly more straightforward way than the given in [2] . 

Corollary 4.2. Let J be an abelian complex structure on an NLA g given by (112p 
or (|13|) . Then, g is isomorphic to f)i5, except for c = 1 in which case fj = f)9. 

Proof. For the equations (fT3"]) , let us consider a basis {e 1 , . . . , e 6 } for g* given by 
u) 1 = -e 1 + i e 2 , us 2 = 2e 3 + 2i e 4 and u 3 = 2e 5 + 2(c + \)i e 6 . Then, e 1 , e 2 , e 3 are 
closed, de i = e 12 , de 5 = (c- l)(e 13 + e 42 ) and cfe 6 = e 14 + e 23 . Thus, if c ^ 1 then 
the Lie algebra g is isomorphic to f)i 5 ; otherwise, g = f)g. Finally, it is easy to check 
that the Lie algebra g underlying Q12[) is also isomorphic to (115. □ 

Notice that the family (fT4|) includes the case f)7 precisely for p = B = 1 and c = 
as it is shown in Proposition 13. 121 Next we determine the Lie algebras underlying 
the complex equations (|T4|) in the remaining cases. Notice that all have first Bctti 
number equal to 3 and they are nilpotent in step s = 3. Also notice that the 
dimension of the center of g is at least 2. 

Proposition 4.3. Let J be a nilpotent complex structure on a 3-step NLA g given 
by Then g has 3-dimensional center if and only if \B\ = 1, B =/= 1 and c = 0. 

Ln such case g is isomorphic to hi6- 

Proof. Let Zi,Z 2 ,^3 be the dual basis of uii,ui2,^3- Then, d\z(Z^) and 3m (Z3) 
are central elements. Let T = \\Z\ + A1Z1 + A 2 Z 2 + A 2 Z 2 be another non-zero 
element in the center of g, where (Ai, A 2 ) G C 2 — {(0, 0)}. It follows from (fT4")) that 

= [T, Zx] = \iZ 2 - AiZ 2 - (A 2 - B\ 2 )Z 3 - cA 2 Z 3 , 

which implies Ai = 0, cA 2 = and A 2 = BX 2 . Therefore, c = and \B\ = 1 in order 
the center to be 3-dimensional, because otherwise the equation A 2 = -BA 2 would 
have trivial solution. Moreover, since the Lie algebra g is nilpotent in step 3 then 
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Finally, since \B\ = 1 and B ^ 1, let us consider the basis {e 1 ,...^ 6 } for 
0* given by: e 1 + i e 2 = i(B - l)^ 1 , e 3 = w 2 + w 2 , e 4 = i^-^w 2 + Bcj 2 ), 
e 5 + i e 6 = (1 — 9\z B)lj 3 . Then, we can write the differential of uj 3 in the form 

d. 3 = A [u 2 + Blu 2 ) = (^=^« l ) A ( 1 T ^*(- 2 + B^)) . 
which implies that e^e^e 3 are closed, de 4 = e 12 , de 5 = e 14 and de 6 = e 24 , i.e. 

= t)l6- □ 

Next we establish the conditions for the coefficients B and c depending on the 
dimension of q 2 = [g, [g, g]]. 

Lemma 4.4. Lei J be a complex structure on a 3-step NLA g given by \14\) - Then: 

(i) Ifc=\B-l\j= 0, then dimg 2 = 1. 

(ii) Ifc^ \B-l\,thendimQ 2 = 2. 

Proof. From (fT4|) we have that 

g 2 = [Z 2 - Z 2j fl] = <(1 - B)Z 3 + cZ 3 , cZ 3 + {l- B)Z 3 ). 
It is clear that dimg 2 = 2 if and only if (1 - B)(l - B) - c 2 ^ 0. □ 

Notice that if c = \B — 1| 7^ then is isomorphic to f)io, f}n or I)i2- Since 
the case c = 7^ |5 — 1|, \B\ = 1 corresponds to g = f)i 6 by Proposition 14.31 we 
conclude that for c 7^ |£? — 1| and (c, |£?|) 7^ (0, 1) the Lie algebra g is isomorphic 
to f)i 3 , t}i4 or f)i 5 . 

In order to distinguish the underlying Lie algebras, we use the following argument 
for g = 10 < k < 15. Let a(g) be the number of linearly independent elements 
r in /\ (g*) such that r <G d(g*) and t A r = 0. This number can be identified with 
the number of linearly independent exact 2-forms which arc decomposable, that is, 
a(l)fe) = 3 for k = 10, 12, 13, a(f) fe ) = 2 for k = 11, 14 and a(t) k ) = 1 for k = 15. 

If t is any exact element in /\ 2 (g*) then r = [iduJ 2 + jldoJ 2 + v doj 3 + v duo 3 , for 
some ii, v € C, and by (fT4|) we have 

t= (fi- p.)oj n + voj 12 + (yB - vc)uo 12 + (vc - vB)oj 21 + vuj 12 . 

A direct calculation shows that 

r A r = 2 (|if(l - \B\ 2 -c 2 )+c {u 2 B + D 2 B)) u 1212 . 

Thus, if we denote p = U\c v and q = 3m v, then r A r = if and only if 

(16) (l-\B\ 2 -c 2 +2cd\t B)p 2 - (4c 3m B)pq + (l- |5| 2 -c 2 - 2c<He B) q 2 = 0. 

Observe that the trivial solution p = q = corresponds to r = 2z 3m /j-uj 11 , accord- 
ing to the fact that a(g) > 1. 

Proposition 4.5. Let J be a complex structure on a 3-step NLA g given by (|14[) 
with c= \B- 1| ^ 0. T/ien; 

(i) g = f)io and on/y if B ~ 0, in particular, any two complex structures on 
t)io are equivalent; 

(ii) g = fin z/ and only if B £ K — {0, 1}; 

(iii) g = I)i2 z/ and only if 3m B 7^ 0. 
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Proof. Since c = \B — 1|^0, it follows from Lemma [4.41 that g is isomorphic to 
f)io, f)n or f)i 2 . 

Firstly, g = f)io if and only if the coefficients in equation ([TBI) vanish. In fact, 
for f)i we have by Theorem 12.11 that v duj 3 + Dduj 3 e (e 12 , e 13 , e 14 ) for any i/eC 
so any pair (p, q) G M. 2 solves the equation (fT6| , which implies the vanishing of 
its coefficients. Conversely, if the coefficients 1 — \B\ 2 — c 2 + 2c£Ke B, c3m B and 
1 — \B\ 2 — c 2 — 2c£He B are all zero then neccesarily B = and c = 1, that is, 
efcj 1 = 0, dw 2 = cj 11 and dui 3 = (uj 1 — uj 1 ) A w 2 , and therefore the Lie algebra is 
isomorphic to f)io. 

On the other hand, notice that if c = \B - 1| ^ and (B,c) 7^ (0, 1) then ([16]) 
is a second degree equation in p or q. Since its discriminant is a positive multiple 
of (3m B) 2 , if 3m B 7^ then we get two independent solutions and a(g) = 3, that 
is, g = f)i2. Finally, for 3m B = the equation (fT6|) provides one solution and 
a(g) = 2, so 5 = t> n . □ 

Proposition 4.6. Let J be a complex structure on a 3-step NLA g given by {1J$ 
with c^\B-l\ such that (c, \B\) ^ (0, 1). Then: 

(i) g = 1)13 if and only if c 4 - 2(|B| 2 + l)c 2 + (\B\ 2 - l) 2 < 0; 

(ii) g ^ if and only if c 4 - 2(|B| 2 + l)c 2 + (\B\ 2 - l) 2 = 0; 

(iii) g ^ f)i 5 z/ and only if c 4 - 2(| J B| 2 + l)c 2 + (|B| 2 - l) 2 > 0. 

Proof. Since c 7^ |S — 1| and (c, 7^ (0,1), it follows from Lemma 14.41 and 
Proposition 14. 31 that g is isomorphic to f)i3, f)u or f)i 5 . 

Notice that the condition (c, 7^ (0, 1) implies that the coefficients of p 2 and 
q 2 in equation (|16p cannot be both zero, so (|16[) is always a second degree equation. 
Let 

A = c 4 - 2(|B| 2 + l)c 2 + {\B\ 2 - l) 2 . 

Since the discriminant as a second degree equation in p is equal to —4q 2 A and 
the discriminant as a second degree equation in q equals — 4p 2 A, the number of 
independent solutions of equation (|T5|) depends on the sign of A. Thus, for A < 
there exist two such solutions and thus g = fj 13 , for A = there exists only one 
such solution and g = f)i4, and finally for A > there is no solution and a(g) = 1, 
which implies that g = f) 15 . □ 



5. Classification of complex structures 

As a consequence of our previous study, in this section we present in Table 1 the 
classification of nilpotcnt complex structures up to equivalence. In the table the 
closed (l,0)-form w 1 does not appear, and the coefficients c, A € K-° and B, D E C 
with 3m D > 0. 

In Table 1 we have also included the classification of abelian complex structures J 
on 6-dimensional NLAs obtained in [2]. In the 3-step case we use directly the 
equations given in Lemma 14.11 and Proposition 14.21 but in the 2-step case we have 
written the complex structure equations of any abelian J in a form that fits in our 
Proposition 13.11 More precisely, in the 2-step case we consider first the following 
reduction of the equations ((3]) of any abelian complex structure. 
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Corollary 5.1. Let g be an NLA endowed with a nilpotent complex structure (J3j> 
of abelian type. Then there is a basis {uj : '} 3 = i satisfying one of the following con- 
ditions: 

(17) du 1 = du 2 = duj 3 = 0; 

(18) duj 1 = duj 2 = 0, duj 3 = oj 11 + Dlj 22 , with D e C, \D\ = 1, 3m D > 0; 

(19) duj 1 = du? = 0, duj 3 = uj 11 + Duj 22 , with D G C, 3m D > 0. 

Proof. Suppose p = in ([5]). If in addition A = 0, then in terms of the basis 
{y/\D\ w 1 , |D|w 2 , |-D|w 3 } wc obtain the structure (0,0, -pgr), whereas if A 7^ 
then we get (0, 1, ^) with respect to {uj 1 , Xuj 2 , uj 3 }. □ 

Next we illustrate how to rewrite the complex structure equations of any 
abelian J on the Lie algebra f) 5 in a form that fits in our Corollary 15.11 By [2j 
Theorem 3.5] there is, up to isomorphism, one family Jt, t € (0,1], of abelian 
complex structures given by 

J t e l = e 3 , J t e 2 = e 4 , J t e 5 = - e 6 . 

With respect to the (l,0)-basis {a 1 = e 1 — i e 3 , a 2 = e 2 — i e 4 , a 3 = —2i e 5 — | e 6 }, 
the complex structure equations for J t are 

da 1 = da 2 = 0, da 3 = a 11 - -a 12 - -a 21 - a 22 . 

t t 

Now, by [29l Lemma 11] there exists a (l,0)-basis {w J } 3 =1 satisfying 

duj 1 = duj 2 = 0, du 3 = uj 11 + uj 12 + D uj 22 , 

with D = Notice that D € [0, j) because t G (0, 1]. Therefore, any abelian 

complex structure on h 5 is given, up to isomorphism, as in Table 1. 

For completeness we include Tabic 2 with the classification of non-nilpotent 
complex structures on 6-dimcnsional NLAs based on the following result. 

Proposition 5.2. [30j Let q be a six- dimensional NLA endowed with a non- 
nilpotent complex structure. Then, there is a (l,0)-basis {uj-'} 3 = i satisfying 

du 1 = 0, 
duj 2 = uj 13 + uj 13 , 
duj 3 = ieu 11 ±i{oj 12 - oj 21 ), 

where e = 0, 1. If e = then g = fj~ g = (0,0,0,12,23,14- 35), and if e = 1 then 
q = f)^6 = (0,0,12,13,23,14+ 25). Moreover, these complex structures are not 
equivalent. 
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Table 1: Classification of nilpotent complex structures 






Abelian structures (p = 0) 


Non-abelian Nilpotent structures (p = 1) 


bi 


duj 2 = 0, duj 3 = 






dw 2 =0, du 3 =u) n + Du> 2% , 
3mD = l 


du 2 = 0, duj 3 = ui 12 + lo 11 +uj 12 + D u 22 , 
3mD > 




dw 2 = 0, du; 3 = w 11 ± w 22 




04 


dw 2 = 0, 

d^ 3 = w 11 + a/ 2 + V 2 

4 


dw 2 = 0, du 3 = uj 12 + w 11 + lj 12 + D lj 22 , 
D e M-{0} 




dw 2 = 0, 

J, ,3 _ , ,11 i , .12 i rj, ,22 


dui 2 = 0, du 3 = lj 12 


duj 2 = 0, du 3 = uo 12 + uo 11 + \uj 12 + Du 22 , 

with (A, D) satisfying one of: 

a \ — n < Tin n All™ n\ 2 ^ i x j fRo n- 

• < A 2 < ± < 3m L> < 9leD = 0; 

z ' — Z 7 7 

• i < A 2 < 1, < 3m D < mcD-0; 

- \2 ^ i n r) ^- A 2 — 1 r) n 

• A ^ J-j U ___ J Ill 7 / <_ — 2 — 3 -At* U — U. 







d^ 2 = 0, du 3 = LO 12 + LJ 11 + UJ 12 


h 




du 2 = uj 11 , dui 3 = oj 12 + lj 12 


08 


dw 2 = 0, dw 3 = w 11 




09 


J 2 11 j 3 12 , 21 

aw = or , dw = cj + cu 




Oio 




du 2 =U l1 , duj 3 = LJ 12 + LJ 21 


On 




dw 2 =U) 11 , du 3 = u 12 + Bu 12 + \B-l\u 2 \ 
B e R-{0,1} 


bi2 


— 


dw 2 =u l1 , du 3 = u 12 + Bu 12 + \B-l\u 2 \ 
3mB ^ 


013 


— 


du 2 = lj 11 , duj 3 = uj 12 + Bu 12 + cu 2i , 
c?\B-l\, (c,|S|)^(0,l), 
c 4 -2(|5| 2 + l)c 2 + (|5| 2 -l) 2 <0 


bi4 




du 2 = w 11 , du 3 = u 12 + Buj 12 + cu 2 \ 
c^\B-l\, (0,151)^(0,1), 
c 4 -2(|5| 2 + l)c 2 + (|5| 2 -l) 2 = 


bis 


dui 2 = (J 11 , duo 3 = ui 21 


du! 2 =u l1 , dui 3 = oj 12 + Boj 12 + coj 21 , 
c?\B-l\, (0,151)^(0,1), 
c 4 -2(|5| 2 + l)c 2 + (|5| 2 -l) 2 >0 


dw 2 = u 11 , duj 3 = us 12 + coj 21 , 


bio 




du 2 = lj 11 , duj 3 = lj 12 + Buj 12 , 
\B\=1, B^l 



du 1 =0; A,c > 0; B,D £ C. 
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Table 2: Classification of non-nilpotent complex structures 






Complex structures 




du 1 


= 0, 


dui 2 


= w 13 +w 13 , duj 3 = ±i(oj 12 - u 21 ) 




du 1 


= o, 


du; 2 


= w 13 +w 13 , dco 3 = iu ll ±i{uj 12 -u 21 ) 



6. Frolicher spectral sequence 

In this section we study the general behaviour of the Frolicher spectral sequence. 

Given a complex n-dimensional manifold M, the Frolicher spectral sequence 
EP' q (M) is the spectral sequence associated to the double complex (f2 p ' 9 (M), <9, d), 
where d and d come from the well-known decomposition d = d + d of the exterior 
differential d on M [17]. 

The first term Ei(M) in the sequence is precisely the Dolbeault cohomology 
of M, that is, Ef' q (M) = ff|' 9 (M), and after a finite number of steps this sequence 
converges to the de Rham cohomology of M. 

More precisely, for each r > 1 there is a sequence of homomorphisms d r 

(20) > E^~ r,q+r ~ x {M) E?' q (M) E p r +r ' q - r+1 {M) — > • • • 

such that 4 o d r = and E^^M) = Kev d r /lmd r . The homomorphisms d r are 
induced from d. For r — 1, the explicit description of the homomorphisms c?i is 



fl£«(M) 



For r 



[a\ h> 
2, we recall that 

{a p , q £ fi™(M) | da p , q 



[da] 



H^' q (M) 



E™{M) 



0, da 



-da 



p+l.q-l) 



Now, the homomorphisms di are given by 

E%' q {M) A £? +2 ' 9 ~ 



0} 



" X (M) 



i— > 



"2 

(see for example [TTJ for general description of d r and Ef ,q ). 

Wc introduce the notation £| fc| (Af) = E^ q {M). Since £^'(M) ^ 

F| R (M,C), it is clear that dim sj- fe ' (M) > b k (M) = dim H$ R (M) for all k, and 
the equality holds if and only if E r (M) = E oc (M). 

Proposition 6.1. Let us consider q with a complex structure J in the family 



pto 



12 



,11 



+ \lu 12 + Dlo 



22 



duj 1 = duj 2 = 0, du> 3 = 
with p = 0, 1 and A, 3m D > 0. Then: 

(i) 7/g = f)3, t)6 or t)s, i/ien £/ie Frolicher sequence degenerates at the first step 
for any J . 

(ii) If Q = f)2 or f)4 ; i/ien Si = iJoo if and only if J is not abelian. Moreover, 
any abelian complex structure on f)2 or f)4 satisfies E\ ^ E2 = £00 • 

(iii) A complex structure J on q = satisfies E\ = E^ if and only if pD 7^ 0. 
Moreover, if p = or D = £/ien E\ ^ E2 = E^ . 
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Proof. For the study of the degeneration of the Frolicher sequence at the first step, 
it is sufficient to study the Dolbeault cohomology in relation to the (de Rham) 
cohomology of the Lie algebra. Moreover, using the Serre duality in Dolbeault 
cohomology for Lie algebras proved in [25] it suffices to study the spaces H^' 9 for 
(p, q) = (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0) and (2, 1). 

The Dolbeault groups H P B ' q for (p, q) = (1, 0), (2, 0), (3, 0), (0, 1) and (0, 2) of any 
complex structure in the family are: 

H l'° = ([a, 1 ], [w 2 ]), Hf = KVSV 3 ]), Hf = <[ w 123 ]), 
H / = ([a; 1 ], [w 2 ], (1 - p)[u% Hi' 2 = ((1 - p)[u% [w 13 ], [a,*]). 

Here Sq is equal to if D ^ 0, and equals 1 if D = 0. 

For p = 0, the Dolbeault groups Hg' and H^ for any complex structure in the 
family are: 

Hi' 1 = ([u, 12 ], [u, 21 ], [u, 22 ], [u, 13 ], [c 23 ],^ 31 + Ac 32 ]), 

Hf 1 = (<5,?[w 122 ], [w 123 ], [w 131 - Dlo 2 % [w 231 + Aw 232 ], [u 13i ],8?[w iaS ]), 
whereas for p = 1 these Dolbeault cohomology groups are: 

H\ x = ([lo 12 ], [w 21 ], [w 22 ], [w 13 + w 32 ], [Z} w 23 - w 31 - Aw 32 ]), 

= (J^V 22 ], [Du m - w 131 ], [Aw 123 + u 231 }, [w 123 - w 232 ], [w 132 ]). 

Now, if g = f) 3 then from Table 1 we have that p = and D = ±1, and counting 
the dimension of the Dolbeault groups we get 

dirndl 1 ' =5 = 6i(f> 3 ), dim^i 2 ' = 9 = 6 2 (f> 3 ), dim e[ 31 = 10 = 6 3 (f) 3 ). 
For f)g we have p = = D and 

dim^i 11 = 5 = 6i(bs), dirndl 2 ' = H = fc 2 (tl 8 ), dim e[ 3{ = 14 = 6 3 (f) 8 ). 

Therefore, in both cases E\ = Eqq . 

It follows from Table 1 that t)6 corresponds to p = 1 = A and D = 0, and 
counting the dimension of the Dolbeault groups we have 

dirndl 11 = 4 = &i(& 6 ), dim4 2 ' = 9 = 6 2 (l) 6 ), dim^f = 12 = 6s(^). 

Therefore, the Frolicher sequence also degenerates at the first step for any complex 
structure on f) 6 , and the proof of (i) is complete. 

In order to prove (ii), first we notice that if J is non-abelian on q = f) 2 or f)4 then 
from Table 1 the coefficient D ^ 0, and counting the dimension of the Dolbeault 
groups above we get 

dirndl 1 ' = 4 = 6i(fl), dim^f' = 8 = 6 2 (fl), dim^' = 10 = 63(a); 

therefore, E\ = E^ for any non-abelian complex structure on f) 2 or f)4. 

Let us suppose now that J is abelian on q = t) 2 or f)4. Since from Table 1 the 
coefficient fl^O again, counting dimensions we get that E\ ^ E^ . More precisely, 

dirndl 1 ' =5 >4 = 6i(fl), dim^i 2 ' = 9 > 8 = 6 2 (fl), dim^ 3 ' = 10 = 63(0), 

dirndl 4 ' = 9 > 8 = 6 4 (fl), dirndl 51 = 5 > 4 = 6 5 ( fl ). 
Next we show that the map E ' 1 — i? 1 ' 1 is non-zero. For the class [cj 3 ] <G E®' 1 , 
we have 

d!([w 3 ]) = [&j 3 ] = [w 11 + Aw 21 + Dcu 22 }. 
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Since ^(g 1 ' ) = (Olj 3 = lo 11 + Aw 12 + £>w 22 ), wc conclude that di([w 3 ]) = 
if and only if A = and D € R, but this corresponds to g = fj3. Therefore, 
dimi^' 1 = dim(Kerdi) < dim^' 1 - 1 and so dim^ 1 ' < dimSj 1 ' -1 = 4 = ^(g), 
which implies — -ff 1 (fl,C). Moreover, dimE^' 1 < dimE*' 1 — dim(Im dx) and 
so E ]2] = H 2 (q, C) because dim^ 2 ' < dim^f 1 - 1 = 8 = 6 2 (fl). 

A similar argument can be applied to prove that the map E 2 ' 2 — E 3 ' 2 is also 
non-zero. In fact, 

d^Lj 1313 - \uj im -Dlo 2323 }) = (\ 2 -D + D)[lo 12312 } 

is zero if and only if A = and D is a non-zero real number, but this corresponds 
to g = ()3. Arguing as above allows us to conclude that E^ — H k (g,C) also for 
k = 4,5, which completes the proof of (ii). 

Now suppose that J is a complex structure on the Lie algebra f)s. If J is non- 
abelian and D ^ then 

dirndl 1 ' = 4 = 6i(f) 5 ), dirndl 2 ' =8 = & 2 (f) 5 ), dimif 1 = 10 = b 3 (\) 5 ), 
that is, Ei = Eoo. 

It remains to study the three following cases: p = D, p = = D and p = 1, 
D = 0. Any complex structure in the first case satisfies 

dim ^i 11 = 5, dirndl 2 ' = 9, dim^[ 31 = 10, dim^ 4 ' = 9, dim^[ 51 = 5, 

and since the maps E®' 1 — E^ 1 and E 2 ' 2 — ^ E\ 2 are non-zero, counting dimen- 
sions we get that necessarily E% — H k (\)§, C) for all k. 
For the case p = = D we have 

dim^i 1 ' = 5, dirndl 2 ' = 11, dim^ 3 ' = 14, dim^ 4 ' = 11, dimS[ 51 = 5. 

We consider the following non-zero maps d± , where we specify one cohomology class 
and its corresponding non-zero image in each case: 

771O.I d,! „1 1 di „2.1 dt _3 I 

hj x — > E x — > E 1 — > E x 
[lo 3 \ ^ [w 21 ] - [lo 12 ] 

[lo 13 ] h-> -[lo 122 ] 

[lo 133 ] i — y [lo 1231 ] 

Similarly, the following homomorphisms 

1^0,2 di j-,1 2 di ,-,2,2 di j-,3,2 

^1 — ► -^1 — > — > 

are non-zero (take for instance the classes [lj 23 ], [lj 313 +o; 323 ] and [w 2313 + w 2323 ]). 
Since -Ef' 9 — Ker d\ /Im d\ , counting the dimensions we get 

diniE^ 1 ' < dirndl 1 ' -1 = 4 = &i(f) 5 ), dim£ 2 21 < dim£f 1 -3 = 8 = 6 2 (f) 5 ), 
dim£; 2 31 < dirndl 31 - 4 = 10 = 6 3 (Fj 5 ), dim^ 2 41 < dim^ 4 ' -3 = 8 = 64(^5), 
dimE^ 5 ' < dirndl 5 ' -1 = 4 = 6 5 (f) 5 ). 

This implies that E2 — E^ because dimE 2 fc ' = 6^(^)5) for all k. 
Finally, we suppose that p = 1 and D = 0. In this case 

dim if 1 = 4, dirndl 2 ' = 9, dimE[ 3 ' = 12, dim^ 4 ' = 9, dimE[ 5 ' = 4. 
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It is straightforward to see that 

771I.I di x j-,2,1 j-,1,2 di „2,2 

ti x — > h, 1 , £j x — > hj x 

are non-zero (for instance, di([w 13 + w 32 ]) 7^ and d\{[uj 113 + Aw 323 ]) ^ 0), which 
implies that E 2 — E^. □ 

Proposition 6.2. Let us consider g with a complex structure J in the family 
du 1 = 0, du 2 =uj 11 , du; 3 = pu 12 + Buj 12 + clj 21 , 

where p = 0, 1 and B G C, c > with (p, B, c) ^ (0, 0, 0). Then: 

(i) If q = f)7, t)g ; t) 10; f)u or ()i2, then the Frolicher sequence degenerates at 
the first step for any J. 

(ii) Any complex structure on f) 16 satisfies E x ^ E 2 — E^. 

(hi) Any complex structure on f) 13 or ^4 satisfies E x = E 2 E 3 = E^. 

(iv) On ()i5 we have: 

(iv.l) E x ^ E 2 = Eoo, ifc = 0andB^ p: 

(iv.2) E x = E 2 ¥ E 3 = Eoo, if p = 1 and \B - 1| ^ c ^ 0; 

(iv.3) Ei^E 2 ¥ E 3 = E co ,ifp = and \B\ ^ c £ 0. 

Proof. By the same argument as in the proof of Lcmma l6.1[ it suffices to study the 
spaces fff' 9 for (p,q) = (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0) and (2,1). 

For p = 1, these Dolbeault groups for any complex structure in the family are: 

= WW]), H 2 - = ([^VoV 3 ]), Hf = <[ W 123 ]), 

Hg' 1 = ([u I ],[u>*\), H°/ = ([^%[^% 

H 2A = (S c Q [u 121 }, [w 122 ], [cw 123 + w 132 ], [Buj 123 + W 23l ],<5g[w 133 + u 232 }). 

Here 6$ is equal to if B 7^ 0, and equals 1 if B = 0. Similarly for 8§. Notice that 

the coefficient Be + Sq is non-zero except for B 7^ and c = 0. 

I21 

A first consequence is that dim E[ > 6 in any case, which implies that E\ E^ 
for any complex structure on f)i3, f)i4 or f)i6, as well as for any non-abelian complex 
structure on f)i5, because these Lie algebras have b 2 = 5. 

Now from Table 1 we study case by case. For f)7 we have {B,c) = (1,0), which 
implies 

dirndl 1 ' = 3 = &i(f> 7 ), dirndl 2 ' = 8 = 62(^)7), dim^ 3 ' = 12 = 63(f)?)- 
For [)io we have (B,c) = (0, 1), which implies 

dirndl 11 =3 = 6! (f) 10 ), dirndl 21 =6 = 6 2 (f)io), dim^ 3 ' = 8 = 6 3 (M- 

For g = fin or f)i 2 we have that B 7^ and c = \B — 1| 7^ because £? 7^ 1 in both 
cases. Thus, 

dirndl 1 ' = 3 = 61(0), dim4 2 ' = 6 = 62(0), dim^f = 8 = 63(0)- 
Therefore, E\ = E^ for any complex structure on F)7, f)io, f)n or \] X2 . 
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(22) 



Finally, it remains to study the abelian case p = 0, whose corresponding Lie 
algebra is f)9 or fjis. Since (B,c) ^ (0,0) we get 

= ([a; 1 ]), = ([a; 12 ],^ 13 ]}, fff° = <K 23 ]), 

Hi' 1 = ([ W I], [ w 2 ], [ W 5]>, ff°' 2 = <[c 12 ], [c^ 3 ], [c 23 ]), 

tfj' 1 = (<5g[w 121 ], [w 122 ], [ w 123 ], [Bw 132 - cw 23l ],^[w 133 ]). 

We get that dim-Ej = 4 > 3 = &i (bis) an d therefore E\ ^ E^o for any abelian 
complex structure on Now from Table 1 we get f)g for B = c = 1 and it is 
easy to see that in this case dimi?! = 6fc(f)g) for any k, and so E± = E^ for any 
complex structure on f)g. This concludes the proof of (i). 

For case (ii), from Table 1, c = 0, p = 1, \B\ = 1 and B ^ 1. From (HQ) the 
dimensions of i?[ fe ' for any complex structure on t)i6 are 

dirndl 1 ' =3 = &i(f)i 6 ), dirndl 2 ' =8 > 5 = 6 2 (f) 16 ), dim^ 3 ' = 12 > 6 = ftsftw)- 
For the following homomorphisms 

t-i1,1 di. tti2,1 di t-,3,1 di t-,1.2 di. „2.2 
ii! ► ii x >• ii x , iij > iij 5- iij , 

the classes [w 13 + w 22 ], [w 32 ], [w 133 + w 232 ], [w 23 ], [Bw 223 + w 313 ] and [w 323 ] have 
linearly independent images. Therefore, counting the dimension of E^ we get 

dim£ 2 21 < dim if 1 -3 = 5 = b 2 (t) 16 ), dim^ 3 ' < dim^[ 31 -6 = 6 = b 3 (t) 16 ), 

dmi£ 2 41 < dim^ 4 ' - 3 = 5 = 6 4 (f)i 6 ). 
This implies that E 2 = E^ because dimii 1 ^' = 6fc (f)ie) for all k. 

For cases (hi) and (iv.2), p = 1 and \B - 1| 7^ c ^ 0. As dim^ 1 ' = 3 = bi(g), 
being g = f) 13 , f)x4 or (jig, we get that i^j 1 ' = Ego ■ We consider the following 
non-zero d 2 map: 

1^0,2 d 2 j-,2,1 

ii 2 S- ii 2 



It is easy to check that [a; 122 ] defines a non-zero class in E 2 ' , because w 122 ^ 
902,0 + #7i,i for any /3 2 ,o and any 9-closed 71^. Hence, 

b 2 (s) < dim^ 2 ' < dim£; 2 21 - 1 < dim £f 1 - 1 = 6 - 1 = 5 = b 2 (g) 

and we conclude that E$ = E^ ^ E l 2 21 = e[ 21 . 

Similarly, d 2 : -E 2 ' 2 — * -^2' ^ s non-zero (for instance, take [w 313 +i?u; 223 ]). Thus, 

&3(fl) < dimSf 1 < dim£ 2 31 - 2 < dimEf 1 - 2 = 8- 2 = 6 = 63(0) 

and we conclude that E'^} = .Eg ^ E 2 = £j 3 '. By the same argument 

& 4 (fl) < dimEg 4 ' < dimE 2 4 ' - 1 < dim e[ 4 ' - 1 = 6 - 1 = 5 = 64(0) 

and therefore Eoo — E 3 4 ' ^ E 2 4 ' = e[ 4 ' . Summing up all the information, we 
conclude Ei = E 2 7^ E 3 = E^. 

In order to prove (iv.l) we need to study independently the abelian and the 
non-abelian complex structures with c = and B ^ p on ()is- We start with the 
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abelian ones. In this case, by Table 1 we can suppose B = 1 and from ([22]) it follows 
that the dimensions of E x are 

dim^ 11 = 4 > 3 = &i(f}i5), dirndl 21 = 9 > 5 = b 2 (t) 15 ), dimE[ 3 ' = 12 > 6 = & 3 (fh 5 ). 
For the following e?i-homomorphisms 

771O.I di „11 di j-,2,1 <Jl. 1^3,1 77.0,2 di i-,l,2 di j-,2,2 di j-,3,2 

hj x — > hj x — > tj 1 — > & 1 , h, l — > h, l — > n, l — > n, l , 

the classes [lu% [w lS ], [lo 3 % [lo 133 ], [lo 23 ], [lo 323 ], [lo 223 + lo 313 ] and [w 1323 ] have 
linearly independent images. Counting dimensions for E 2 we get that 

dimEJ 1 ' < dim^ 11 -1 = 3 = &i(^i B ), dimE 2 2 ' < dimE[ 2 ' -4 = 5 = o 2 (f)i 5 ), 

dimE 2 3 ' < dim^f -6 = 6 = b 3 (i) 15 ), dimE 2 4 ' < dimE[ 4 ' -4 = 5 = & 4 (bis), 

dimE 2 5 ' < dimEf' —1 = 3 = 65(^15)- 
This implies that E 2 = E^ because necessarily dimE 2 fe ' = bk{i) 15) for all k. 

If p = 1 and c = 0, then B ^ 1 and dimE^' = 61(^15) + 5g . So E^' = E^j 
when For E = 0, since c?i([w 3 ]) 7^ and di([w 3123 ]) ^ 0, we conclude that 

dimEJ, 1 ' < dimE^ 1 ' -1 = 3 = fei(f)i 5 ) and dimE 2 5 ' < dimE[ 5 ' -1 = 3 = &i(f>i 5 ), 
and therefore, E 2 fe ' = e\£} if k = 1 or k = 5. 

Now, for B ^ 1 we have that dimE[ 2 ' = 8 + 5g > 5 = b 2 (t) 15 ), dimE[ 3 ' = 12 > 

6 = o 3 (fji 5 ), dimE^ 4 ' = 8 + Sq > 5 = 64(^15). In order to conclude that E 2 = E^ 
it suffices to observe that for the following homomorphisms 

77,1,1 di j-,2,1 di j-,3,1 77,0,2 di ,-,1.2 di ,-,2.2 

£, x — > h, x — > h, x , fc]/ — >■ — > hj l 

the classes [w 13 + lo 22 ], [a; 32 ], [w 133 +w 232 ], [a; 23 ], [w 323 ] and [Bo; 223 + w 313 ] have 
linearly independent images. 

For the last case (iv.3), we first observe that dimE^ 1 ' = 4 > 3 = 61(^15), but 
di([oj 3 ]) = — c[lo 12 ] — B[lo 21 ]. Since this class is zero if and only if cw 12 + Bio 21 G 
^(A 1 ' ) = {uo ll ,Buo 12 + clo 21 ), i.e. \B\ = c, we have that the map d x : E°' x — > E 1 ' 1 
is non-zero. Therefore, dimEJ 1 ' < dimEl 1 ' -1=3, i.e. e[ 11 ^ eJ, 1 ' = E^j . 
Moreover, since ^([w 23 ]) 7^ 0, we deduce that 

6 2 (f)i 5 ) < dimE 3 2 ' < dimE 2 2 ' - 1 < dimEf 1 - 2 = 7-2 = 5 = 62(^15), 
so E^' = E 3 2 ' ^ E 2 2 ' ^ E[ 21 . Analogously, d 2 ([uo 313 + Buo 223 ]) ^ 0, which implies 

6 3 (f)is) < dimE 3 3 ' < dimE 2 3 ' - 2 < dimEp 1 - 2 = 8- 2 = 6 = 63(^15), 
and we conclude that E^' = E 3 3 ' ^ E 2 3 ' = e[ 3 ' . We also have 

64(^15) < dimEJ, 4 ' < dimEJ, 4 ' - 1 < dimE[ 4 ' - 2 = 7 - 2 = 5 = 64(^15), 

and therefore E^' = E^ 4 ' ^ eJ, 4 ' ^ e[ 4 ' . Consequently, E x ^ E 2 ^ E 3 = E^ in 
case (iv.3). □ 

Proposition 6.3. Let us consider g with a complex structure J in the family 

du 1 = 0, dcu 2 = uj 13 +w 13 , dtv 3 ^ieuj 11 ±i{uj 12 ~lo 21 ), 

with e = 0, 1. Then: 

(i) TTie Frolicher sequence degenerates at the first step for any J on [)^g (e = 0J. 

(ii) Any complex structure on fjjg (e = 1) satisfies E\ ^ E 2 = Eoo. 
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Proof. By the same argument as in the proof of Lemma UTTl it suffices to study the 
spaces iff' 9 for (p, q) = (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0) and (2, 1). It is easy 
to see that 

Moreover, the other Dolbcault groups for any complex structure in the family are: 
Hf = <[o/ 2 ]), = [ w 23 ]), Hf = ([^% [^ s ]>, 

Hf = {[u>™]), Hf = {[^%[^]). 

1 2 1 1 31 

This implies that dimE[ 1 = 5 and dimi?} = 6. Since &i(l)i~g) = 3, ^2(^9) = 5 
and &3 (hlg) = 6, we conclude that the Frolichcr sequence degenerates at the first 
step for any J on f)^ 9 . 

Next we suppose g = f)J 6 . In this case dim J?! 1 ' = 3 > 2 = fri(f)J 6 ), and so any J 
on f)26 satisfies i?i E^,. Moreover, 

dirndl 1 ' =3 > 2 = 6i (0), dim£[ 21 =5 > 4 = 62(0), dim E^ = 6 = 63(g), 

dirndl 4 ' = 5 > 4 = 64(0), dirndl 51 = 3 > 2 = 65(0). 
Since the maps 

t-,0,1 di t-,1,1 ^2,2 di ^3,2 

-C'l — >• ^1 , E 1 — > h, x , 
arc non-zero (take for instance [u; 3 ] and [w 2323 ± w 2313 ]), it follows that J5Jj fe ' = 
H k (s,C) for fc = 1,2,4,5. □ 

In the next result we sumarize when the Frolicher sequence collapses at the first 
step. 

Theorem 6.4. Let t) r be a NLA in the list of Theorem \2.1\ 

(a) Any complex structure on f) 1; f) 3 , f) 6 , t) 7 , f) 8 , f)g, f)io, f)n, f)i2 or t)^ 9 has 
degenerate Frolicher sequence. 

(b) A complex structure on f)2 or f)4 /ias degenerate Frolicher sequence if and 
only if it is non-abelian. 

(c) Let J be a (non complex parallelizable) structure on f)5 given in Table 1. 
Then, the Frolicher sequence collapses at the first step if and only if pD 7^ 0. 

For the Lie algebras f)i3, f)i4, f)i5, f)i6 and 1)26 we nave that E\ ^ E^ for any 
complex structure. The next result shows the general behaviour of the Frolichcr 
sequence on these Lie algebras and on t)2, f)4 and f)5. 

Theorem 6.5. For the Lie algebras f)2, f)4, f)s, f)i 3 , f)i4, f)i5, f)i6 <wid f)^g we have: 

(a) ^4nj/ abelian complex structure on t) 2 or f)4 satisfies E\^ E 2 = E^. 

(b) Let J be a complex structure on 1)5 given in Table 1. Then: 
(b.l) i/ J is complex parallelizable then E\ -E2 — ^00/ 

(b.2) z/ J zs noi complex parallelizable and pD = then E\ ^ E 2 = -Eoo ■ 

(c) Any complex structure on fjig or f)^ satisfies E\ ^ £2 — -E^o- 

(d) ^4n?/ complex structure on \)n or ()i4 satisfies Ei = E 2 ^ E 3 = E^. 
(c) Let J be a complex structure on f) 15 given in Table 1. Then: 

(e.l) E 1 ^E 2 = Eoo, ifc = and \B - p\ ^ 0; 

(e.2) E 1 =E 2 ^ E 3 =E oc ,ifp = land\B-l\^c^ 0; 

(e.3) E 1 ^E 2 ¥ E 3 ^E oo ,ifp = and \B\ ^ c £ 0. 

As an application of the previous results next we show explicit deformations on 
f)5 along which the behaviour of the spectral sequence changes. 
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Proposition 6.6. Let J be a non complex parallelizable and non-abelian complex 
structure on 1)5 given in Table 1 with non-degenerate Frolicher sequence. Then, 
J can be deformed into a non-abelian complex structure with degenerate Frolicher 
spectral sequence. 

Proof. According to Theorem 16. 51 J has complex structure equations of the form 

duo 1 = duo 2 = 0, duo 3 = uo 12 + U0 11 + Xuo 12 , 
for some non- negative A ^ 1. With respect to the real basis e 1 , . . . , e 6 given by 

e l +ie 2 =uo\ -±—( e 3 -e 1 ) + ^-(e 2 + e 4 )=UJ 2 , e 5 + ie 6 = oj\ 
1 + A v ' 1 - A v ' 

the complex structure J expresses as 



Je 1 = 


-e 2 , 


Je 2 


= e\ 


Je 3 = 


_^2_ 2 _ 1 + A 4 

1-A L 1-A v ' 


Je 4 


- 1 , l^A 3 
1+A c ~ 1 + A c 


Je 5 = 


-e 6 , 


Je 6 


= e 5 . 



The structure J can be deformed into another one with degenerate Frolicher se- 
quence in the following way. For any t € [0, k), we consider the complex structure 
J t given by 

*• a z a or or 1 

J te 2 = l^Ai e l + Mi^!) e 4 ; 

7 te 3 = -2d 1 2a 2 _ (1+A) 2 4 

J * e ~ (1-A) 2 L (1-A 2 )(1-A) C a C ' 



2d a 5 4d 2 + (l-A 2 ) 2 6 



I^a? 

* e — T^A 7 e a(l-A^) e 

7. P 6 _ a 5 2d 6 



where a = ^/(l — A 2 ) 2 — 4d 2 , and 

t if A = 0, 



A) 



a 2 /4, if A 2 e (0, 1/2), 

<(l-A 2 )/4, if A 2 e [1/2, 1), 



-t(l - A 2 )/4, if A 2 > 1. 
Notice that Jo = J. Now, the (l,0)-basis 

1 l-A 2 1 i 2d(l-A 2 ) 4 . . 2 
u 2 _ J-A^3 



= i^A( e 3 _ e l) _ Ml^i e 4 + i / 2d e l + e 2 + (1^ e . 



satisfies 

dw 1 = dw 2 = 0, duo 3 = uo 12 +U0 11 + Xuo 12 + D uo 22 , 
with D = id(t,X). According to Theorem 16. 4[ the Frolicher spectral sequence 
degenerates if and only if D ^ 0, i.e. if and only if t > 0. □ 
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The Lie algebra f)i5 has a rich complex geometry with respect to the Frolicher 
sequence and in the next example we construct a continuous curve J* along which 
the three cases (c) in Theorem 16.51 are realized. 



Example 6.7. On f)i5, let us consider the following continuous family of complex 
structures 



Jte 1 



Jte A = 



Jt.e b 



/3(3-sini)(7 + 3sint) 2 

Y (5 + sint)(ll-sint) 6 ' 

/ 3(3-sint)(ll -sint) 4 
(5 + sint) (7 + 3 sint) 6 ' 

/(ll - sint) (7 + 3 sin t) 6 

V 3(3 -sint)(5 + sint) & ' 



where tel. Let 



4a; 1 = v/(ll - sin i) (5 + sin t) e 1 + i ^3(3 - sin £)(7 + 3 sin t) e 2 



8w 2 = (5 
and 

128 w 3 



sint) (7 + 3 sint) e 3 - i ^3(5 + sint) (3 - sint) (11 - sint) (7 + 3 sint) e 4 , 
= (5 + sint) (7 + 3 sint) [3(3 - sint) - sint) (5 + sint) e 5 



-N (11 - sint)v/3(3 - sint) (7 + 3 sint) e 6 
Then, {cj 1 ,^ 2 ,^ 3 } is a (l,0)-basis for J t satisfying 



0. 



du 1 

dui 2 = or 

dw 3 = l=sjnt 



,11 



2a; 1 



l+sint , ,21 



It is clear that the complex structure Jt is abelian if and only if t 



4fc+l 



7r, k G Z. 

Thus, since for t 7^ 4fc 2 l " 1 7r the structure J* is not abelian, the complex structure 
equations can be written as 

'du 1 =0, 



or 



,12 



1 — sint 2(1— sin t) 

Concerning the Frolicher spectral sequence for the family {Jt}teR we have that: 



For t 



4fc+l 
2 

4fc-l 



7r, fc G Z, we obtain case (e.l) in Theorem 



For t = ^-n, keZ,, we obtain case (e.3) in Theorem 16.5 



• For any other value of t, we obtain case (e.2) in Theorem 16.51 

6.1. Applications to the complex geometry of nilmanifolds. 

The results about the Frolicher sequence above are still valid on nilmanifolds in the 
following sense. Let M = T\G be a 6-dimensional nilmanifold endowed with an 
invariant complex structure J, and let g be the Lie algebra of G. Rollenske proved 
in |26[ Section 4.2] that if g 2= f)7 then the natural inclusion 



(f\ p ''(Q*),8)^(W(M),8) 
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induces an isomorphism 



between the Lie- algebra Dolbeault cohomology of (g, J) and the Dolbeault coho- 
mology of M. 

Consider the natural maps l: Ep q (g) — > E^ q (M). Since the homomorphisms 
d r in (j20[) are induced by <9, an inductive argument |12[ Theorem 4.2] using the 
commutative diagram 

> EP- r ' q+r - 1 (M) EP>i(M) EP +r 'i- r+1 (M) — ► • • • 

► EP- r '9 +T - 1 (fl) ££+ r ' 9 ~ r+1 (0) — ► 

implies that i are isomorphisms. Therefore, 

(23) E™(M) £* ££'«(fl) 

for any p, q and any r > 1, whenever g ^ f)7. 

Corollary 6.8. Let M = T\G be a 6- dimensional nilmanifold endowed with an 
invariant complex structure J such that the underlying Lie algebra Q ^ f)7. Then 
the Frolicher spectral sequence E p . ,q {M) is given by Theorems \6.4\ and \6.5\ 

Notice that Proposition l6.6l and Example 16 . 71 provide explicit families of complex 
structures on nilmanifolds corresponding to f)5 and f) 15 , respectively, along which 
the Frolicher spectral sequence varies. In Corollary 17.101 bellow it is shown the 
behaviour of the Frolicher sequence on a nilmanifold with underlying Lie algebra f)4 
under holomorphic deformation around its abclian complex structure. In contrast, 
there are many complex nilmanifolds for which the Frolicher spectral sequence is 
stable under small deformations of the complex structure, as the next result shows. 

Corollary 6.9. Let M = T\G be a 6- dimensional nilmanifold endowed with 
an invariant complex structure J, and let g be the Lie algebra of G. If Q = 

f)l> f)3, f)6, f)8, f)9, (ho, fin, f)i2, f)i3, f)i4, f)i6, i)ig or $26' then the behaviour of the 
Frolicher spectral sequence E^' q (M, J) is stable under small deformation of J . 

Proof. By [351 Theorem 2.6], all small deformations of the complex structure J are 
again invariant complex structures. From the proof of Propositions 16. l l 16.21 and 16.31 



it follows that if g = t) r , r = 1,3,6,8,9,10,11,12,13,14,16, or g = f)7/ 9 ,f)26, then 
dim E p .' q (M) does not depend on the invariant complex structure on M for any p, q 
and any r > 1, so it is stable under small deformation of J. □ 



In [3] the authors pose the following problem: to construct a compact complex 
manifold such that E\ = E^ and h^' q = h q ^ p for every p,q £ N but for which the 
99-Lemma does not hold. Since nilmanifolds do not satisfy the 99-Lemma, unless 
they are complex tori, the following result provides a solution. 

Corollary 6.10. Let J be any invariant complex structure on a nilmanifold M with 
underlying Lie algebra isomorphic to ()g. Then E\(M) = Eaa^M) and the Hodge 
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numbers satisfy 

hf{M) = 1, 
hf{M)=2, hf(M) = 2, 
hf{M) = 2, hf{M) = 5, hf{M) = 2, 
hf{M) = l, hf{M)=h, ^ 2 (M) = 5, h° 8 3 (M) = l, 
hf{M) = 2, fc| 2 (M) - 5, hf{M) = 2, 
hf(M)=2 1 hf(M) = 2 1 
hf{M) = 1. 

Proof. By [26] we can restrict our attention to the level of the Lie algebra and 
then, in view of Table 1, the above Hodge numbers follow directly from the proof 
of Proposition 16. II for the particular choice p = X = 1 and D = 0. □ 

7. Strongly Gauduchon metrics and Frolicher spectral sequence 

Let (M, J) be a complex manifold of complex dimension n. A Hcrmitian struc- 
ture F is strongly Gauduchon (sG for short) if <9F™ -1 is 9-exact [22] ■ In particular, 
any balanced Hermitian structure (i.e. dF' 1 ^ 1 = 0) is sG, and any sG metric is a 
Gauduchon metric [18] . that is, i* 1 " -1 is <9<9-closcd or equivalently the Lee form is 
co-closed. 

Next we suppose that M is a nilmanifold endowed with an invariant complex 
structure J and show that the existence of sG metrics on (M, J) is reduced to the 
existence of sG metrics at the Lie algebra level. 

Proposition 7.1. Let M = T\G be a 2n- dimensional nilmanifold endowed with 
an invariant complex structure J , and let g be the Lie algebra of G. If (M, J) has 
an sG metric then there is an invariant sG metric. 

Proof. The proof is based on the symmctrization process given in [5] (see also 
[151 129] ). Let v — dr be a volume element on M induced by a bi-invariant one 
on the Lie group G such that, after rescaling, M has volume equal to 1. Given 
any fc-form a: X(M) x • • • x X(M) — > C°°(M) on the nilmanifold M, we define 
a u : Q X • • • X q — > E by 

a„(Xi, . . . ,Xk) = / a m {Xi \ m , . . . ,Xk \ m ) v , for X\, . . . ,X k e q, 

where Xj \ m is the value at the point m G M of the projection on M of the left- 
invariant vector field Xj on the Lie group G. In [5] it is proved that (da) v = da v . 

Given an invariant complex structure J on M we can extend the symmctrization 
process to complex forms and, as in the proof of |31[ Proposition 3.2], if a is a form 
on M of pure type (p, q) then 

(da)v = da l/ , {da) v = 8a u . 

By [HI Theorem 2.2] there is an invariant J-Hcrmitian structure O such that 
(F" -1 )„ = fi" -1 . Since F is sG, there is 7 such that dF 71 ^ 1 = Bj. By the previous 
argument we get 

d^- 1 = d((F n ~ 1 ) v ) = (dF^ 1 ), = (B-y) v - 8{ lv ), 

that is, Q, is sG. □ 



28 



Corollary 7.2. Let M = T\G be a In- dimensional nilmanifold endowed with an 
invariant Hermitian structure (J, fi). If J is abelian then, VL is sG if and only if it 
is balanced. 

Proof. It follows directly from the fact that d(/\ n ' n ~ 2 (g*)) = for any abelian 
complex structure. □ 

From now on we consider n = 3. 

Proposition 7.3. Let M = T\G be a 6 -dimensional nilmanifold endowed with an 
invariant complex structure J, and let g be the Lie algebra of G. If there exists an 
sG metric then q is isomorphic to f)i, . . . , t)e or t)J~ g . 

Proof. By Proposition 17.11 it suffices to study the invariant case. Let us start with 
the non-nilpotent case. The fundamental 2-form of any J- Hermitian metric is given 

by 

(24) 2 n = i (r 2 w lT + s 2 uj 22 + t 2 uj 33 ) + uuj 12 - uuj 21 + vu 23 - vuj 32 + zuj 13 - zuj 31 , 

where coefficients r 2 , s 2 , t 2 are non-zero real numbers and u, v, z £ C satisfy r 2 s 2 > 
\u\ 2 , s 2 t 2 > H 2 , r 2 t 2 > \z\ 2 and r 2 sH 2 + 2<Ke (iuvz) > t 2 \u\ 2 +r 2 \v\ 2 +s 2 \z\ 2 . Using 
the calculations in the proof of [29l Proposition 25] and Proposition l5.2l we get that 

4dn A = (ie(s 2 t 2 - \v\ 2 ) ± (t 2 u + t 2 u + ivz - ivz)) uj 12312 + (uv ~ is 2 z) uj 12313 . 

Since d(/\ 3,1 (g*)) = (uj 12313 ), if the Hermitian structure (J, O) is sG then 

^fie(s 2 t 2 — \v\ 2 ) = t 2 (u + u) + ivz — ivz. 

Since the left-hand side is purely imaginary and the right-hand side is real, we have 
e = and therefore g = [)^ g . 

For the nilpotent case, let us consider the general complex equations ©. Now, 
the fundamental 2-form of any J- Hermitian metric is given also by (f2"4"]l. Using 
again [5^1 Proposition 25], we get 

4<9fi Afl = ((l - e)A(s 2 t 2 - \v\ 2 ) + B(it 2 u + vz) - C(it 2 u - vz) 

+ (1 - e)D(r 2 t 2 - \z\ 2 )) lo 12312 - e(s 2 t 2 - \v\ 2 ) oj 12313 . 

Since d(/\ 3,1 (2*)) = (p uj 123 ^ 2 ) , if the Hermitian structure (J,0) is sG then e = 0, 
i.e., g = f)j for i = 1, , . , , 6. Moreover, if in addition p = 1, then any J-Hermitian 
structure is sG. □ 

Remark 7.4. From the proof of the previous proposition it follows that on f)2, f)4, f)s 
and f)6, if J is a non-abelian nilpotent complex structure then any invariant J- 
Hcrmitian metric is sG. 

As pointed out by Popovici [23] , the degeneration of the Frolicher sequence at E\ 
and the existence of strongly Gauduchon metrics are unrelated. From the previous 
proposition and from Theorems 16.41 and 16.51 we get: 

Theorem 7.5. Let M = T\G be a 6 -dimensional nilmanifold endowed with an 
invariant complex structure J. If there exists an sG metric then the Frolicher 
sequence degenerates at the second level, i.e. E2(M) = E oc (M). 
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Proof. By Proposition l7.3l the Lie algebra g underlying M = T\G is not isomorphic 
to f) 7 . Therefore, it follows from ([23]) that Ep q {M) = and since p. 

f)i3) f)i4) t)i5i the Frolicher sequence degenerates at the second level by Theorems 16. 41 
and [63] □ 

It is interesting whether this result holds in general, that is: 

Question 7.6. Does the Frolicher spectral sequence degenerate at the second step 
for any compact complex manifold M of complex dimension 3 admitting a strongly 
Gauduchon metric? 

Notice that the list of Lie algebras in Proposition 17.31 is the same as the list of 
those admitting balanced Hermitian metrics [25]. As pointed out by Popovici [231 
Theorem 1.8], there are compact complex manifolds having sG metrics but not 
admitting any balanced metric. Next we show the general situation for nilmanifolds 
in dimension 6. 

Proposition 7.7. // g has a complex structure J having sG metrics but not ad- 
mitting any balanced metric, then J is non-abelian nilpotent and g is isomorphic to 
1)2; f)4 or t)5. Moreover, according to the classification given in Table 1, such a J 
is given by: x + y 2 > j on f)2,' x > j on f)4; and A = 0, y p orX = y = 0,x>0 
on t) 5 . 

Proof. Any complex structure on f)6 or f)j~ g admits balanced metrics. From [31j we 
have that only f)3 and f)s have abelian complex structures J admitting balanced 
metric. In fact, any such J on f)s admits balanced Hermitian metrics, whereas for f)3 
the complex structure must be equivalent to the choice of (— )-sign in Table 1. From 
Corollary 1 7. 2 [ it remains to study the non-abelian nilpotent complex structures J 
on f)2, f)4 and f)s. Since any such J admits sG metrics by Rcmark l7.4[ next we show 
which of them do not admit balanced metric. 

In any case the complex equations are of the form 

(25) dw 1 =0, duj 2 = 0, du 3 = uj 12 + Xuj 12 + Duo 22 . 

A similar argument as in the proof of [311 Proposition 2.3] shows that, up to equiv- 
alence, the fundamental 2-form of any J-Hermitian metric is given by 

(26) 2 fl = i (uj 11 + s 2 uj 22 + t 2 cj 35 ) + uuj 12 - uu 21 , 

where s 2 > \u\ 2 and t 2 > 0. 

If D = x + yi and u = u\ + uii, the balanced condition is 

(27) s 2 + x + y i = U2X + uiX i. 

We distinguish several cases depending on the values of A. 

If A 7^ then SI is balanced if and only if u\ = y/X and U2 = (s 2 + x)/X. The 
condition s 2 > \u\ 2 is equivalent to s 4 + (2x — A 2 )s 2 + x 2 + y 2 < and it is easy to 
see that a non-zero s satisfying this condition exists if and only if 

(28) A 4 - AxX 2 - Ay 2 > 0. 

From Table 1, for 1)2 we get any J such that x + y 2 > j has no balanced metrics. 
Similarly, for f)4 we get that any J such that x > \ has no balanced metrics. 

For f)5 and A / we have that x = by Table 1. Thus, there is no balanced 
metrics if and only if A 4 < Ay 2 . Since y > 0, this is equivalent to A 2 < 2y. But from 



;so 



Table 1 we get that this cannot happen, therefore for A 7^ the complex structures 
admit balanced metric. 

Finally, in the case A = on bs we get that the balanced condition ([27]) reduces 
to y = and s 2 = —x > 0. From Table 1 we have that < l + Ax, i.e. x £ (—j, 00). 
Therefore, if y 7^ or y = 0, x > then there are no balanced metrics. □ 

In the following table we show the complex structures J, up to equivalence, on 
f)i, . . . , f)6 that admit balanced Hcrmitian metrics. 






Abelian structures 
admitting balanced metrics 


Non-Abelian Nilpotent structures 
admitting balanced metrics 


bl 


du? = 0, duu 3 = 




b 2 




du? = 0, duj 3 = uj 12 + us 11 + uj 12 + (x + iy) uj 22 , 
y>0, x + y 2 <\ 




duj 2 = 0, dw 3 = co 11 - uj 22 








duj 2 = Q, duj 3 = oj 12 +oj 11 + uj 12 + xuj 22 , 
x<\, x ^ 


bs 


du? = 0, 

duj 3 = UJ 11 +0J 12 + xuj 22 , 
< x < \ 


duj 2 = 0, duj 3 = uj 12 


du? = 0, du 3 =lu 12 +uj 11 + \uj 12 + (x + iy)uj 22 , 
with (A, x, y) satisfying one of: 
*\ = y = 0, x£ (-i,0); 

• < A 2 < i, < y < x = 0; 

• ± < A 2 < 1, 0<y < x = 0; 

• A 2 > 1, < y < ^f 1 , x = 0. 


be 




duo 2 = 0, du 3 = uj 12 + uj 11 + uj 12 



Motivated by [23l Theorem 1.9] next we study the relation between the degener- 
ation of the Frolicher spectral sequence and the existence of sG or balanced metrics. 
The possibilities are well illustrated in the following deformations of the complex 
structure corresponding to A = x = y = on f)5. 

Example 7.8. Let J\,D=x+iy be a non-abelian nilpotent complex structure on f)5 
as in the Table 1. 

If A = 0, D = then there are sG metrics, there do not exist balanced metrics 
and Ei ^ E 2 = -Eoo- In terms of the standard real basis e 1 ,...^ 6 on fj 5 the 
complex structure Jo,o is given by 

Jo.oe 1 = -e 2 , J 0fi e 2 = e 1 , 

J ,o e 3 = ~(2e 2 + e 4 ), J ,o e 4 - -2c 1 + e 3 , 

7 c 5 ,-,6 7 ,,6 -.5 

^0,0 e — — e , ^o,o e — e . 
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We consider the following deformations of Jo,o in the x-direction: 

1—: 



Jo,* e 3 = - A /T+45 (2e 2 + e 4 ), Jo,, e 4 = -2^1+45 e 1 + e 3 

Jo,x e 5 = e 6 , J , x e 6 = VT+Ix~ e 5 . 

If x G (—3,0) then there are balanced metrics and £1 = .E^o. 

If x G (0, 00) then there are sG metrics, there do not exist balanced metrics and 

E\ = Eryo. 

Finally, let us consider the following deformation of Jo,o in the A-dircction: 
JA.oe 1 = -e 2 , Ja.og 2 = e 1 , 

Ja.o e 3 = ^(2e 2 + (1 + A) e 4 ), J A , e 4 = ^(^e 1 + (1 - A) e 3 ), 
Jx, e 5 = ~e 6 , J A , e 6 =e 5 . 
If A 2 G (0, then there are balanced metrics and Ei ^ E 2 = E^. 

7.1. On deformation closedness of sG and balanced metrics. 

Let A be an open disc around the origin in C. Following [23] Definition 1.12], a 
given property V of a compact complex manifold is said to be open under holomor- 
phic deformations if for every holomorphic family of compact complex manifolds 
(M, J a )aeA and for every do G A the following implication holds: 

(M, J ao ) has property V => (M, J a ) has property V for all a G A sufficiently 

close to ao- 

A given property P of a compact complex manifold is said to be closed un- 
der holomorphic deformations if for every holomorphic family of compact complex 
manifolds [M, J a )aeA and for every a G A the following implication holds: 

(M, J a ) has property V for all a G A\{ao} ==>■ (M, J ao ) has property P. 

Alessandrini and Bassanelli proved in [1] (see also [15]) that the balanced prop- 
erty of compact complex manifolds is not deformation open. In contrast, Popovici 
has shown in |22j that the sG property is open under holomorphic deformations, and 
conjectured in [531 Conjectures 1.21 and 1.23] that both the sG and the balanced 
properties of compact complex manifolds are closed under holomorphic deforma- 
tion. 

The following result provides a counterexample to both conjectures. We con- 
sider a compact nilmanifold M with underlying Lie algebra isomorphic to f}4. The 
abelian complex structure Jo on M does not admit sG metrics, so it is sufficient 
to deform holomorphically Jo in an open disc A around the origin such that J a 
admits balanced metric for any a ^ 0. Using the Kuranishi's method, Maclaughlin, 
Pedcrsen, Poon and Salamon proved in [20] that Jo has a locally complete family 
of deformations consisting entirely of invariant complex structures and obtained 
the deformation parameter space in terms of invariant forms. We will combine this 
result with our existence result of balanced metrics in the table above. 

Theorem 7.9. Let (M, Jo) be a compact nilmanifold with underlying Lie algebra f)4 
endowed with abelian complex structure Jo . Then, there is a holomorphic family of 
compact complex manifolds (M, J a )aeA, where A = {a G C | \a\ < 1}, such that 
(M, J a ) has a balanced metric for each a G A\{0}. 
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Proof. Let us consider the structure equations of the abelian complex structure Jo 

as 

d^ = d V 2 =0, dif= l -^ + \if 2 + \r ] 2 \ 

For each a £ C such that \a\ < 1, we consider the basis of (l,0)-forms {/j, 1 , /j, 2 , /x 3 } 
given by 

1 I 1-2 22 3 3 

/X = i] + arj — iarj , = 77 , fj, = r) . 

Notice that this corresponds to = a. $3, = — *o an d <& 2 = <&f. = <&f = <I>| = $| = 
in the parameter space for Jo obtained in [301 Example 8]. 
A direct calculation shows that 

<V = dp 2 = 0, 2(1 - \a\ 2 )dfi 3 = 2a/i 12 + ip} 1 + /i 12 + M 21 - i|a| 2 /i 22 , 

so the equations define a complex structure J a for each a € A. If a = then the 
complex nilmanifold (M, J ) does not admit sG metrics because Jo is abelian. 

For any a £ C such that < \a\ < 1 the complex structure is nilpotcnt but 
not abelian. In this case we can normalize the coefficient of /1 12 by taking 1 ~l a ^ [i 3 
instead of /i 3 , so we can suppose that the complex structure equations are 

= dp 2 = 0, dp 3 = fi 12 + ±^ + 1( M 12 + M 21 ) - f M 22 . 

2a la I 

With respect to the (l,0)-basis us 1 = ji 1 — t/i 2 , uj 2 = —2ai fj 2 and uj 3 = —2ai fi 3 , the 
structure equations for J a become 

J l J 2 n J 3 12 1 11 1 12 1 l a l 22 

dui = dui = 0, dui = uj + uj uj H , ,„ uj . 

a 4|a| 2 

Now, as in the proof of Proposition l3.il we can suppose that the coefficient of uj 12 
is equal to l/|a|. 

In conclusion, for any a £ C such that < \a\ < 1 there exists a (l,0)-basis for 
which the complex equations are of the form ([25| with A = -r^ and D = ^rgp ■ 

Taking x = Die D = ^rfei an d 2/ = ^ m D = 0, one has 4x + p — \ 2 = according 
to Proposition 13. II (ii.2). Now, following the proof of Proposition 17.71 since A 7^ 
the complex structure J a admits a balanced metric if and only if (|28|) is satisfied. 
But the latter condition reads 

A 2 (A 2 -4a;) = ^ I >0, 

M 2 

so there exists a balanced Hermitian metric for each a £ C such that < \a\ < 1. □ 

It is well-known that the property of the Frolicher spectral sequence degenerating 
at Ei is open under holomorphic deformations. In [141 Theorem 5.4] it is proved 
that this property is not closed under holomorphic deformations. As a consequence 
of (|2"5|) and Theorems 16.41 and 17.91 one has another example based on the complex 
geometry of t)4. 

Corollary 7.10. Let (M, Jo) be a compact nilmanifold with underlying Lie alge- 
bra f)4 endowed with abelian complex structure Jo. There is a holomorphic family 
of compact complex manifolds (M, J a )aeA, where A = {a £ C | |a| < 1}, such that 
Ex(M, J a ) = E X (M, J a ) for each a £ A\{0}, but Ei{M, J ) £ E^M, J ). 
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